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Abstract. We investigate the uniqueness of so-called exotic structures on cer- 
tain exact symplectic manifolds by looking at how their symplectic properties 
change under small nonexact deformations of the symplectic form. This al- 
lows us to distinguish between two examples based on those found in llbl 1171 , 
even though their classical symplectic invariants such as symplectic cohomol- 
ogy vanish. We also exhibit, for any n, an exact symplectic manifold with n 
distinct but exotic symplectic structures, which again cannot be distinguished 
by symplectic cohomology. 



1. Introduction 

This paper concerns the uniqueness of exact symplectic structures on Liouville do- 
mains, an area which has seen considerable recent development. In many situations, 
such as those coming from cotangent bundles or affine varieties, a Liouville domain 
M carries what is considered to be a "standard" symplectic form. As we shall 
recap in this introduction, there are now known to be many examples of Liouville 
domains with exact symplectic forms which are not equivalent to the standard ones. 
Any such form will be called "exotic" in this paper. 

Historically, Gromov [12] was the first to exhibit a nonstandard exact symplectic 
structure on Euclidean space, although, whereas the standard symplectic structure 
is Liouville, Gromov's is not known to be (see Section[2]for the relevant definitions). 
The first exotic structures on R"'" (for An > 8) known to be Liouville were discovered 
by Seidel-Smith [29], later extended by McLean [20] to cover all even dimensions 
greater than 8. McLean actually found infinitely many such pairwise-distinct non- 
standard symplectic structures, which were all distinguished by considering their 
symplectic cohomology SH*{M). 

More recently, Fukaya categorical techniques have been used by Maydanskiy-Seidel 
[17) (refining earlier work of Maydanskiy [T6i ) to find exotic symplectic structures 
on T*S^ (for n > 3). These are shown to be nonstandard by proving that they 
contain no homologically essential exact Lagrangian S'", in contrast to the zero- 
section for the standard symplectic form. Similar results have also been obtained 
using the work of Bourgeois- Ekholm-Eliashberg [5] again using symplectic/contact 
cohomology-type invariants. Such results have been further extended by Abouzaid- 
Seidel [1] to show the existence of infinitely many distinct exotic structures on any 
affine variety of real dimension > 6, again distinguished using symplectic cohomol- 
ogy- 
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In this paper, we shall consider six-dimensional symplectic manifolds of the types 
considered by Maydanskiy [1^ and Maydanskiy-Seidel [17] . In [17] , infinitely many 
ways are presented of constructing a nonstandard T*S^, but the question of whether 
all these constructions actually yield symplectically distinct manifolds is left open. 
We shall not answer that question, but instead we shall consider what happens 
when we add a 2-handle to such an exotic T*S^. The result will be diffeomorphic 
to a manifold constructed in (16j . which again contains no exact Lagrangian S^. 

Specifically, we shall consider the manifolds given by the diagrams in Figure 11.11 
The meaning of such diagrams will be explained in Section [2l Briefly, our main 
method of constructing symplectic manifolds will be as Lefschetz fibrations over 
C. To run this construction, the input data consists of a symplectic manifold M'^ 
and an ordered collection of Lagrangian spheres in (see Lemma . In Figure 
11.11 we can associate to each path some Lagrangian sphere in a 4-dimensional Milnor 
fibre, which is our required data. 




Xi X2 
Figure 1.1. 

Each of these spaces is diffeomorphic to T*S^ U 2-handle. There is a standard 
way of attaching a 2-handle to T*S^ [21] such that we still get an exact Lagrangian 
sphere inherited from the zero-section. However, neither Xi nor X2 contains such a 
sphere, so are considered exotic. In addition, Xi,X2 both have vanishing symplectic 
cohomology. This is not proved in [THl [H] and so we include this calculation in 
Section [3 and has the consequence (already proven for Xi in [16]) that Xi and 
X2 actually contain no exact Lagrangian submanifolds (such symplectic manifolds 
are sometimes called "empty"). Despite the usual collection of invariants being 
insufficient to distinguish these two manifolds, we shall nevertheless prove 

Theorem 1.1. Xi and X2 are not symplectomorphic. 
We shall then extend our methods to prove 

Theorem 1.2. Pick any n > 1. Then there exists a manifold M (diffeomor- 
phic to T*S^ with n 2-handles attached), which supports exact symplectic forms 
Wi, . . . , aj„+i such that, with respect to each uJi, {M,ijJi) is Liouville and contains 
no exact Lagrangian submanifolds, hut such that there exists no diffeomorphism (p 
of M such that 4i*uji — coj for i ^ j . 

The main technique used in this paper is to consider what happens after a nonexact 
deformation of the symplectic structure. For any 2-form /3 G 7J^(Xi;R), we can 
consider an arbitrarily small nonexact deformation of w to w -|- e/3. If this new form 
is still symplectic, we can look at the symplectic properties of these new symplectic 
manifolds. (In the case of Xi and X2 above H^{Xi;'M.) = M, so Moser's argument 
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tells US that the way we can perform such a deformation is essentially unique, in a 
sense which will be made precise in Section[6l) We discover that, after an arbitrarily 
small deformation, Xi (which with our original exact form contains no Lagrangian 
S^) does in fact contain such a sphere, an interesting phenomenon in its own right 
which is explained in Section [3] 

In contrast, after such a deformation, X2 still contains no homologically essential 
Lagrangian sphere. The proof of this fact requires rerunning the argument of |17) , 
except that somewhat more care needs to be exercised in the use of Floer coho- 
mology groups, owing to the nonexactness of our deformed situation. This is the 
content of Section \5\ 

In general, given a symplectic manifold M (satisfying certain topological assump- 
tions), we can consider the set Fi C P(iJ^(M;R)), of directions in which we get 
no homologically essential Lagrangian sphere inside M after an arbitrarily small 
deformation of the symplectic form in that direction. We show that this is a sym- 
plectic invariant, which completes the proof of Theorem ll.il Finally, in Section [5] 
these ideas are extended to prove Theorem 11.21 
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also like to thank my PhD supervisor Ivan Smith for many helpful discussions, as 
well as for useful comments on earlier drafts of this work. Thanks also go to 
Gabriel Paternain, Richard Thomas and the anonymous referee for pointing out 
several errors in earlier drafts of this paper. During this research I was partially 
supported by European Research Council grant ERC-2007-StG-205349 

2. Lefschetz fibrations 

In this section, we recall the standard notions of Picard-Lefschetz theory. The 
treatment here largely follows that of [28i Part III], but we shall adapt the pre- 
sentation there to include certain nonexact symplectic manifolds, as we want to 
consider arguments involving nonexact deformations of our symplectic form. 

Let (M, uj) be a noncompact symplectic manifold. We say (M, lj) is convex at 
infinity if there exists a contact manifold (Y, a) which splits M into two parts: 
a relatively compact set M™; and M°"*, which is difFeomorphic to the positive 
symplectization of {Y,a) where, in a neighbourhood of we have a 1-form 9 
satisfying dO = u) and 9\y = a. Such a contact manifold is canonically identified 
up to contactomorphism. If 9 can be defined on the whole of M, we call (M, 9) a 
Liouville manifold. 

Given a compact symplectic manifold with boundary M such that, in a neighbour- 
hood of the boundary, we have a primitive 9 of the symplectic form which makes 
the boundary contact, we say M has convex boundary. If 9 is defined everywhere, 
(A/, 0) is usually called a Liouville domain. Given a symplectic manifold with con- 
vex boundary, we can complete M canonically to get a symplectic manifold convex 
at infinity, 

M = M UaM [0, 00) X dM, 
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with forms 9 = e^O and w = dO on the collar, where r denotes the coordinate on 
[0,cx3). 

2.1. Definition. Let {E,uj) be a compact symplectic manifold with corners such 
that, near the boundary, lu = dO for some form which makes the codimension 1 
strata contact, and let tt: _E — > 5 be a proper map to a compact Riemann surface 
with boundary such that the following conditions hold: 

• There exists a finite set E'^"'^ C E such that Dtt^ is a submersion for all 
X ^ ^ and such that D'^tTx is nondegenerate for all x e ^ which 
means that locally we can find charts such that tt{z) = . We denote 
by S'^"* the image of E'^"* and require that S'^"* C S\dS. We also assume, 
for sake of notational convenience, that there is at most 1 element of 

in each fibre. 

• For all z ^ S"^"* the fibre Ez — tt^^{z) becomes a symplectic manifold with 
convex boundary with respect to lo\e,- This means that we get a splitting 
of tangent spaces 

TE.^^TE'^(STE^, 

where the vertical part TEJ^ is the kernel ker(D7ra;) and the horizontal part 
TEI^ is the orthogonal complement of TE^ with respect to uj. 

• At every point x & E such that z — tt{x) G dS, we have TS T{dS) + 
D'k{TEx)- This implies that 'K~^{dS) is a boundary stratum of E of codi- 
mension 1, which we shall call the vertical boundary^ denoted d^E. The 
union of boundary faces of E not contained in d'"E we shall call the hori- 
zontal boundary of iJ, denoted d^E. 

• If is a boundary face of E not contained in d'"E^ then 'k\f'- f — ?• S' is a 
smooth fibration, which implies that any fibre is smooth near its boundary. 
We also want the horizontal boundary d'^E to be horizontal with respect 
to the above splitting, so that parallel transport (see below) will be well- 
defined along the boundary. 

Definition 2.1. If all the above holds we call {E,Tr,Lu) a compact convex Lefschetz 
fibration. For ease of notation, in what follows we shall often call {E, tt, lo) simply 
a Lefschetz fibration, suppressing the extra adjectives. 

The splitting of tangent spaces into horizontal and vertical subspaces means that 
we have a connection over S \ 5^''**, and hence symplectic parallel transport maps. 
In other words, for a path 7: [0, 1] ^ 5 which misses S"^"*, our connection defines 
a symplectomorphism (p^ : £^7(0) -> E^(^iy 

There is a method [20 of completing E' to a symplectic manifold E which is convex 
at infinity, such that we get a map tt: E ^ S to the completion of the base. When 
5' is a disc D, this is done as follows: firstly, the horizontal boundary d'^E is just 
dM X D, where M is a smooth fibre, and we can attach dM x [0, 00) x D to d^E in 
the same as we complete a symplectic manifold with convex boundary. This gives 
us a new manifold we shall call Ei and we can extend tt to tti on Ei in the obvious 
way. Now consider 7r^^{dB)) = N. Attach to this N x [0, 00) and call the resulting 
manifold E, over which we can extend tti to tt. More details can be found in [20l 
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Section 2] . This map tt restricts to tt on the subsets corresponding to E and D and 
outside we have a local model looking like the completion of the mapping cone for 
some symplectic map /i which we shall call the outer monodromy of the Lefschetz 
fibration E. Given this, we shall also talk in this paper about Lefschetz fibrations 
over C, which are understood to be the completions of Lefschetz fibrations over 
some disc Dr C C, in the sense of Definition 12.11 

2.2. Vanishing cycles. We can use the parallel transport maps to introduce the 
notion of a vanishing cycle. Choose an embedded path 7: [0,1] S such that 
'^^^{S'^"'^) — {1}. We can consider the set of points which tend to the critical point 
y — 7(1) under our parallel transport maps 



This set is called the vanishing cycle associated to the vanishing path 7. The 
vanishing cycle is actually a Lagrangian sphere in the fibre and if we take 
the Lefschetz thimble, the union of the images of the vanishing cycle as we move 
along 7 together with the critical point, we get a Lagrangian ball in the total 
space E. In fact, is the unique embedded Lagrangian ball that lies over 7. 
These vanishing cycles come together with the extra datum of a "framing" \27\ 
Lemma 1.14], meaning a parametrization /: S"" — V. Here, two framings /i,/2 
are equivalent if f2^fi can be deformed inside Diff{S'"') to an element of 0{n+l), 
but this framing information is irrelevant in the dimensions in which we work, so 
shall neglect to mention framings in what follows. 

2.3. Constructing Lefschetz fibrations. Given a Lefschetz fibration (S, tt), we 
can pick a smooth reference fibre E^ and a collection of vanishing paths 7^, one for 
each critical point, which all finish at z, but which are otherwise disjoint. This then 
gives us a symplectic manifold Af — E^ and a collection of vanishing cycles Vi C M 
associated to the 7;. For our purposes, in constructing symplectic manifolds, it is 
important to note that we can go the other way as in the following lemma, taken 
from [28[ Lemma 16.9] but with unnecessary assumptions of exactness removed. 

Lemma 2.2. Suppose we have a collection of (framed) Lagrangian 

spheres in a symplectic manifold M with convex boundary. On the disc D, choose a 
base point z, and a distinguished basis of vanishing paths 71 , . . . , 7„i all of which have 
one endpoint at z. Then there is a compact convex Lefschetz fibration tt: — > D, 
whose critical values are precisely the endpoints 7i(l), • ■ ■ , 7m{l); this comes with an 
identification Ez = M , under which the (framed) vanishing cycles Vy^. correspond 



This will be the technique used to construct the symplectic manifolds considered 
in this paper. However, in order to do this, we need to identify a collection of 
Lagrangian spheres in a given symplectic manifold M. In the case where M itself 
admits a Lefschetz fibration, we shall do this by considering matching cycles. 

2.4. Matching cycles. Consider a Lefschetz fibration tt: M ^ S and an embed- 
ded path 7: [0, 1] ^ 5 such that 7-1(6"="*) = {0, 1}. In the fibre tt-^{i{\)), we 
get two vanishing cycles, one coming from either endpoint. If they agree, then 




toVk. 
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parallel transport allows us to glue the two thimbles together to obtain a smooth 
Lagrangian sphere V C M. We shall call 7 a matching path, and V the associated 
matching cycle. 

In this paper we shall usually work in situations where the vanishing cycles do 
agree exactly so that we do get matching cycles, but occasionally we will have the 
situation where the two vanishing cycles are not equal, but are merely Hamiltonian 
isotopic. In this situation we may appeal to the following result of [H Lemma 8.4]: 

Lemma 2.3. Let (Af, a;) be a symplectic manifold with a Lefschetz fibration tt : M — > 
C and let 7: [0, 1] C &e a path such that j~^{S'^"''^) = {0, 1}. Suppose that the 
two vanishing cycles Vq, Vi C -^-y(i) coming from either end of this path are Hamil- 
tonian isotopic for some compactly supported Hamiltonian Hg defined on the fibre 
M^^iy Then M contains a Lagrangian sphere. 

Matching cycles will be used for our main method of construction. We take a 
symplectic manifold (Af, u) equipped with a Lefschetz fibration and consider an 
ordered collection of matching paths. In favourable circumstances these will give 
rise to a family of framed Lagrangian spheres {Vi, . . . , Vn) C M and we now apply 
Lemma [2T2l to construct a new Lefschetz fibration [E.tt). 

2.5. Maydanskiy's examples. Figure [2TT] shows the examples considered in [16]. 
Although higher-dimensional examples are also considered in |16j . the meaning of 
all such diagrams in this paper is that we take the symplectic manifold Af * built 
according to Lemma [2.21 bv taking fibre T*S^ and vanishing cycles given by the 
zero-section, one for each cross. The lines in Figure 12.11 are then matching paths 
which yield the spheres required to apply Lemma [2.21 again to obtain . The 
fact that the paths in Figure 12.11 actually do give matching cycles will for us be a 
consequence of the method of construction considered in the next section. 



X 




X[ -contains a Lagrangian Xi -contains no Lagrangian 

Figure 2.1. 

Maydanskiy [TB] proves that the two symplectic manifolds in Figure 12.11 are dif- 
feomorphic (they are both T*S^ U 2-handle) but are not symplectomorphic. X[ is 
just T*S^ with a Weinstein 2-handle attached as in [21] and contains an exact La- 
grangian sphere inherited from the zero-section of T*S^. In contrast, Xi contains 
no exact Lagrangian submanifolds, and so is considered exotic. 

One way of thinking about this intuitively is that the manifolds are diffeomorphic 
because one can construct a smooth isotopy taking the top matching cycle in Xi 
and moving it over the critical point in the middle to get X[ . The reason this fails 
to work symplectically is that we are free to move our cycles only by Hamiltonian 
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isotopies, and we will not then be able to avoid the central critical point (since we 
cannot displace the zero-section of T*S^), although the actual proof in [10^ has to 
make use of more sophisticated Floer-theoretic arguments. 



Definition 3.1. Let {E,uj) be a symplectic manifold. By a deformation of the 
symplectic structure {E,uj) we shall mean a smooth 2-form Q, on E = E x [Q^l] 
such that 

• VL\t is symplectic on each E x {t} 

• r2|o = uj 

• t„f2 — for any v £ keT{Dp) where p is the projection E ^ E. 

This is equivalent to a smooth 1 -parameter family of symplectic forms {ujt '■ t G [0, 1]} 
on E such that loq = lu. We shall denote by {E*,ujf) the symplectic manifold 



We shall consider Xi , the exotic example of Maydanskiy from the previous section. 
In this section, we shall prove 

Theorem 3.2. There is a deformation Xi of Xi such that, for all t > 0, X* 
contains a Lagrangian sphere. 

3.1. Constructing a deformation of Xi. The fibres of Maydanskiy's examples 
are A2 Milnor fibres. For our purposes, which crucially rely on matching paths 
defining genuine matching cycles without having to rely on Lemma 12. 3[ we shall 
work with the specific model as below. 

Let M be the affine variety defined by 



equipped with symplectic form uj, which is the restriction of the standard symplectic 
form on C'^. We may restrict to some compact set M™ C M (M™ C Bu C C for 
some sufficiently large R), such that Af " is a Liouville domain which becomes 
a Lefschetz fibration in the sense of Definition 12.11 once we project onto the Z3- 
coordinate ^28, Section 19b]. It has three critical values, at 1, 2 and 3. 

There is a homologically essential Lagrangian sphere A living over the straightline 
path joining the two critical points at 1 and 2, which is given by the part of the 
real locus Mr living over this path. This sphere is precisely the matching cycle 
associated to that line. We can do the same with the part of M n M(a;3, yi, j/2} 
living over the interval [2, 3] to find another Lagrangian sphere B and we shall take 
A and B to define our standard basis of H2{M ; M) = R^. 

The manifold M carries an S'^-action given by 



3. Deformations of symplectic structures 



{Ex{t},n\t). 



M = {z\ + zl = (Z3 - 1)(^3 - 2)(z3 - 3)} C C3 
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and the symplcctic form to is invariant under this action. 

Every smooth fibre is of the form z\-\- z\ = \ for some nonzero A = se*" and we 
observe that such a fibre is preserved by the 5^-action, which in particular means 

that the parallel transport map associated to a path 7 is 5^-cquivariant. This fibre 
is symplectomorphic to T*S^, where the model we use for T*S^ is 

T*S' = {{q,p) e M2 X R2 : \\q\\ ^ 1 , {q,p) = O} . 
The symplectomorphism is defined as follows: let z = ze^*"/^ and map 

Note that, for each fibre, the S^-orbits are mapped to level sets ||p|| = constant 
so, given that the parallel transport maps are S'-'^-equivariant, the vanishing cycle 
associated to any vanishing path will itself correspond to such a level set. 

We shall deform the symplectic structure by introducing 2-forms which are intended 
to resemble area forms supported near the equators of A and B. We therefore 
consider the 2-form on \ iR^, 

^ (r) ( FF"^^' ^ W'^'"' '^""^ ^ W'^'"' "^^^ 

where ge{x) = Qei^s) denotes a cutoff function for the xa-coordinate which has 
supp{ge) C {|a;3| < e}. 

As T] is defined using only coordinates on the real slice M.^ \ {0} and annihilates 
the radial direction, this is a closed form on C"* \ iR^. We shall choose e such that 
e < and apply a translation x x + (0,0,3/2). It is easy to show that t) is 
now well-defined on M, so that in the Lefschetz fibration M™ 77 is a closed, 

S'^-equivariant 2-form supported in the region lying over {|a;3 — 3/2| < 1/4} and 
the sphere A has some nonzero area with respect to rj. 

Moreover, we can rescale 77 so that a; + 77 is still symplectic on M™, since the 
property of being symplectic is an open condition and is compact. Also, since 
M is an A2 Milnor fibre, its boundary dM is topologically the quotient of by a 
Z/3 action and therefore H^{dM-, K) = 0. This means that, perhaps after rescaling 

rj again, A'/™ will still have contact boundary. 

We repeat the above procedure to obtain another closed 2-form rj' on M™, defined 
now using the coordinates 2/1,2/2, X3 which is again 5^-equivariant and is supported 
over {\x3 — 5/2| < 1/4} and has the property that 

T,{A) = -r,'{B). 

We denote by ujt the 2-forms cj + t{ri + r]') for t G [0, 1], all of which make M™ 

symplcctic with convex boundary. 

Remark 3.3. Such a construction can be generalized: choose a finite collection of 
distinct points pi,. ■ ■ ,Pn+i € M and consider the affine variety 



Mp =\zl + zl = 1[{Z3 -Pi)\c 
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which will be diffeomorphic to the An Milnor fibre, with a basis of H2{Mp) given 
by the spheres Ai living over the straightline path joining pi and Pi+i . We may 
construct a deformation of the symplectic structure on Mp by adding on 2-forms 
which are supported on strips lying between the critical points as above. 



3.2. Obstructions to forming matching cycles are purely homological. We 

now consider the path 70 in Figure IXTl going from 1 to 3 in C. We would hke this 
to define a genuine matching cycle, with respect to the parallel transport maps 
coming from wj = w + t{rj + rj') for t G [0, 1]. However, we may no longer get a 
genuine Lefschetz fibration in the sense of Section [2l since the horizontal boundary 
may no longer be horizontal with respect to our splitting. This means that parallel 
transport cannot be done near d^M, but we shall not need this: our vanishing cycles 
stay within a region away from the boundary, since deforming the symplectic form 
will only change the parallel transport maps by a small amount. 







\7 ^ 




A, ; 


St 






Figure 3.1. 



Therefore, for any given t, the path 70 gives us two circles in the central fibre 
which we know correspond to level sets ||p|| — constant. (In Figure [5TT1 the fibres 
shown at the top are those living over the path 79.) These two circles enclose some 
chain St in the fibre over 7o(^), and the sum of this chain and the two thimbles 
is homologous to [A] + [B], so therefore has symplectic area with respect to utt. 
Since the vanishing thimbles are Lagrangian, this means that the chain St C T*S^ 
must also have zero symplectic area, and therefore St must in fact be empty. In 
other words, we get a genuine matching cycle for all t, which we denote Vq. We 
can do likewise for the path 71 to obtain the matching cycle V^. 

By the same argument, for any i > we can take a straightline path given by 
the interval [1,3], which goes over the central critical point at 2, and say that this 
too will define a matching cycle: in the central nonsmooth fibre we shall either 
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get, by S*^ -symmetry, the critical point or some circle. However, if we obtained 
the critical point, then we would have found a Lagrangian in a homology class of 
positive symplectic area. Which smooth component this circle lives in depends on 
whether we choose to give the class A positive or negative area. 

Therefore, for i > 0, we can take a smooth family of paths interpolating between the 
two matching paths and get a smooth family (l/*)sg[o_i] of Lagrangian S'^s joining 
the two matching cycles. This has the following standard consequence. 

Lemma 3.4. For t > 0, Vq and are Hamiltonian isotopic. 

Proof. We can identify some neighbourhood of Vq with T*S^ and, for < s < sq 
for some small sq, V* will correspond to the graph of some 1-form a^. Since V* is 
Lagrangian, dog = 0, and therefore ag — dfs since H'^{V^;M.) ~ 0. We can moreover 
choose these fs smoothly. A direct calculation shows that H{x, s) = -j^{fs{p{x))) is 
a Hamiltonian yielding an isotopy between Vq and V*^, where here p: T*S^ ^ 
is the standard projection map. We can patch together such isotopies to get from 
Vq to Vi, and then apply some cutoff function to make our Hamiltonian to be 
compactly supported. □ 

3.3. Xi contains a Lagrangian sphere after deformation. We are now in a 

position to prove Theorem 13.21 To do this, we shall establish a deformation version 
of Lemma 12.21 This is stated below in the case where there is just one vanishing 
cycle, since the general case follows from gluing together such examples. 

Suppose we have M, a deformation of the symplectic structure (M, oj), such that 
M* has convex boundary for all t, and suppose that we also have V C M, which is 
the image of an embedding of x [0,1] such that, for all t, we get a Lagrangian 
sphere C (M*,a;t)- 

Then, by Lemma [^T^ we can construct a Lefschetz fibration i?* — > D from M* and 
for each t. We want the family i?* to comprise a deformation of (E'^.uje)- 

Proposition 3.5. In the above situation, we can construct a bundle of symplectic 
manifolds E — > [0, 1], such that each fibre has convex boundary and comes with 
an identification El = Af*, under which the vanishing cycle V^ corresponds to V* . 
After applying a trivialization of this bundle which is the identity over 0, this is a 
deformation of{E'^,u!E)- 

Proof. We closely follow [27l Proposition 1.11]. First we need a neighbourhood 
theorem, whose proof follows the same argument as that of the standard Lagrangian 
neighbourhod theorem |18j . 

Lemma 3.6. Let (M, 17) be a deformation o/(M, w). Suppose we have V C M 
an embedding ofVx [0, 1] such that, for all t, we get a Lagrangian V* C (A'P^uJt). 
Then there exists a neighbourhood A/" C T*V x [0, 1] of the zero-section V x [0, 1] 
and a neighbourhood lA C M of V and a diffeomorphism (p: M —> lA such that 
= (3 where /3 is the 2-form on T*V x [0, 1] given by the pullback of the standard 
symplectic form on T*V. 
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In our case, we may assume our neighbourhood TV in Lemma l3.6l is of the form TV — 
T^^S" X [0, 1] for some A > 0, where T^^S" denotes the disc cotangent bundle with 
respect to the standard metric on T*S". Given this, we fohow [27l Proposition 1.11] 
which starts by considering the focal Lefschetz model q: C""'""'^ — ?> C, q{z) = 
We also consider the function h{z) = WzW^ — \q{z)\'^. 

When we restrict to W C C"+^ cut out by the inequalities h{x) < 4A^ and \q{z)\ < 
1, we get a compact Lefschetz fibration ttw ■ W ^D. As explained in [27], W comes 
together with an identification ip: Tr^{l) T^-^S"", a neighbourhood Y C W of 
dhW, a neighbourhood Z of d{T*^S'') in T*;^5" and a diffeomorphism F ^> 
D X Z which fibres over D and agrees with tp on Y ■k^{1). Let = x [0, 1] 
and, by taking the product with [0, 1], consider the corresponding Y , Z, tp, 4'. 

Now define Af_ to be M \ (0(TV \ Z)) and consider 

^ = D X M_ W, 

where the identification made identifies Y with D x 4){Z) through {id x (/i) o vp. This 
now has all the required properties. □ 

of Theorem \3.'2[ Using Proposition l3.5[ we can construct a deformation Xi of May- 
danskiy's exotic example Xi and we want to say that we have a Lagrangian sphere 
L* C Xl for all t > 0. Xl admits a Lefschetz fibration with two critical points. 
We take a path joining the two critical points in the Lefschetz fibration on Xi . If 
we choose the vanishing paths 7 in Proposition 13.51 such that they join together 
smoothly, then the concatenation of these paths is smooth and yields two vanishing 
cycles in the central fibre, which are precisely just Vq and Vi from Lemma 13. 4[ 
which we know are Hamiltonian isotopic for all i > 0. We then just apply Lemma 
12.31 to find a Lagrangian sphere. □ 

Remark 3.7. As t — > 0, the Lagrangian spheres L* degenerate to some singular 
Lagrangian cycle, which is worse than immersed. In fact, topologically it looks like 
with some in it collapsed to a point. Presumably, pseudoholomorphic curve 
theory with respect to this cycle is very badly behaved, so that a Floer theory along 
the lines of [3] cannot be made to work here, although see |14) for some analysis of 
holomorphic discs on certain similar special Lagrangian cones. 

4. Floer cohomology 

To consider X2 and adapt the arguments presented in |17| , we shall need to consider 
the Lagrangian Floer cohomology HF{Lo, Li) of two transversely intersecting La- 
grangian submanifolds in some symplectic manifold (M, uj). To define this, one has 
to pick a generic family of almost complex structures J — (Jt), which are usually 
required to be compatible with uj, in the sense that gt(u,v) = uj{u, Jtv) defines a 
Riemannian metric. However, we shall want to consider Jt which are w-tame except 
on a small neighbourhood of Lq H Li, where here Jt is still w-compatible. (w-tame 
means that a;(it, Jtu) > for all nonzero u.) We shall show that, given any such 
family of almost complex structures J = {Jt), there exists J — (Jt) arbitrarily close 
to it, with the same properties, such that HF{Lq,Li) can be defined with respect 
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to (Jt). The key point is that we are using Cauchy-Riemann type operators with 
totally real boundary conditions, so all the relevant elliptic regularity theory can 
still be applied. 

Remark 4.1. The content of this section, that we can relax the condition on the 
almost complex structures to define Floer cohomology is probably already known to 
experts, but we are unaware of any written account of this in the literature. 

4.1. Setup. Let (M, w) be a symplectic manifold of dimension 2n and let Lq, Li 
be two Lagrangian submanifolds which intersect transversely. For each intersection 
x, fix some small open set Ux around x such that L^f} Lir\Ux = {x}. Assume 
moreover that the Ux are disjoint. Pick some family J = (Jt) of smooth almost 
complex structures which tame uj (this in particular implies that the Lfe are totally 
real), and which are cj-compatible on each Ux- 

We note here for future reference the following lemma due to Frauenfelder [9]. 

Lemma 4.2. Let (Af^", J) be an almost complex manifold and L" C Af a totally 
real suhmanifold. Then there exists a Riemannian metric g on M such that 

• g{J{p)v, J{p)w) = g{v,w) for p e M and v,w ^ TpM , 

• J(j))TpL is the orthogonal complement of TpL for every p ^ L, 

• L is totally geodesic with respect to g. 

Let S denote the holomorphic strip R x [0, 1] C C. Given a map u: I] — > M , we 
can consider the 9j operator defined by 

dju{s,t) = dsu{s,t) + Jt{s,t)dtu{s,t). 

We care about holomorphic maps, which are just those such that dju = and we 
define the energy of any map u to he E{u) = J ||9su|p. 

Let Aij denote the set of holomorphic u as above which also satisfy the boundary 
conditions u{s, 0) € Lq, u{s, 1) e Li as well as E{u) < oo. It is proved in |25j that 
any such map must have the property that 

lim u{s, t) — x^, 

s— >±oo 

where x^ are intersection points in LqC] Li. Moreover, the convergence near the 
ends is exponential in a suitable sense about which we shall say more later. We 
define j {x, y) to be the space of finite-energy trajectories as above which converge 
to X and y at the ends. 

We want to examine the properties of A^j(a;, y) and, in particular, determine when 
it is a smooth manifold, so we follow the standard procedure of Floer |8], in exhibit- 
ing A^j(a;,?/) as the zero set of some Fredholm section of a Banach bundle. Much 
of what follows is already contained in Floer's original work but we shall recall 
the main details for the reader's convenience. 

4.2. Banach manifolds. Let fcp > 2. We can consider the Sobolev space ^^.^^^(S, Af) 
and define 

K = {" e LP,„^(E,A.f) : u{s,Q) e Lq, u[s,1) e Li} . 
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Let Tip — {z £ : \^z\ < p} . The topology on is defined using the basis of open 
sets given by 

C«,p,£ ^ {v eV^ -.v ^ exp„ ^ on Sp and ||^||fc,p < e for p < p} . 
Here u G Pj!. and p,e > 0. 

For our present purposes, and in order to ensure that we do in fact get a Banach 
manifold, we shall need to restrict to a subset of P^ with nice behaviour near 
intersection points x G Lq (h Li. Consider 

Pl{;x) ^[ue Pi : 3p > 0,3e e Lli^S^,T,M),u{s,t) = exp,C(s,t)Vs > p] . 

In other words, we restrict attention to maps which, at one end, look like the 
exponentiation of some vector field. We impose a similar condition at the other 
end to define P^ix, ■), and then consider Pl{x,y). 

For u G P^, u*TM is an L^.^^^-bundle, so we can talk about sections which are 
locally of i^.jg^-type. We shall introduce the shorthand L^{u) — L^.i^^{u*TM) and 
we may also consider 

w^iu) = e Lliu) : e(s,0) e r„(,,o)io,e(s,i) e r„(,,i)Li} , 

so here we have tangent pointing along the Lagrangian boundary. 

We can also consider spaces of sections VK'(u) and Ll{u) of different regularity 
provided that I < k and 

2 2 

(4.1) l-±<k--. 

q p 

Theorem 4.3. ([5^, Theorem 3]) Let p > 1 and kp > 2. Then P^ix, y) is a smooth 
Banach manifold and its tangent space at u is given by TuPl{x,y) = Wj^{u). 

To show this is a Banach manifold, Floer uses a system of charts based on the 
exponential map. Accordingly, pick a family of metrics (gt) such that Lk is totally 
geodesic with respect to gk, as in Lemma 14.21 

Define 

exp : S X TM M, 
exp(s, i, X, v) — expg^ (a;, v). 

Let L denote the minimal injectivity radius of the metrics gt and define 

On a noncompact manifold M, we will not necessarily have t > 0. However, in our 
cases, this will hold since all our symplectic manifolds are geometrically bounded 
at infinity. 

The charts are now given by 

exp„ : Uu~^Vu = exp„(C/„), 
exp„(0(s: t) = exp(s, t, u{s, t),^{s, t)). 
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It is because of this system of charts that we restricted the convergence conditions 
at the ends in defining V^{x, y). The proof of above theorem is technical but makes 
no use of the symplectic structure. 

Moreover we may also consider Banach bundles (a;, y) and — T'^{x, y), 

with fibres modelled on Wi{u) and Ll{u) respectively, provided that the regularity 
condition (|4.1|) holds. 

The same proof as in 8_ shows that dj is a smooth section of In fact, 

since dj is a real Cauchy-Riemann operator with totally real boundary conditions 
[l9l Appendix C] dj is a Fredholm operator. We denote its linearization at u by 
Eu = Ddjiu): WP^Ll_^,. 

We now consider the zero-set of the section dj. It is shown in [25] that if u G 
Ai{x,y), then u has the right convergence conditions at the ends to be an element 
of 'P^{x, y) and moreover these sets are locally homeomorphic. Moreover, any 
solution to 9ju = will in fact be smooth, using elliptic bootstrapping techniques. 
This is proved in [S] for w-compatible J, and this proof carries over in region Ux, 
and elsewhere it follows from [121 Proposition 3.1.9]. Therefore the zero set of dj 
is precisely yJx,yM3{x,y). 

4.3. Fredholm theory. This zero set will not always be a manifold, but we shall 
show that we can always perturb J = (Jt) to some arbitrarily close J = (Jt) such 
that the corresponding moduli space A4j is in fact a manifold. To do this, we need 
to have some space which represents the possible perturbations of J. 

The space of w-tame J is a Frechet manifold whose tangent space at J is given by 
smooth sections of End(TM, J, w), which is defined to be the bundle over M whose 
fibre at x is the space of linear maps Y : T^M — >■ T^M such that YJ + JY = 0. In 
order that we may have a Banach manifold, not a Frechet one, we use the following 
argument of Floer [5] . 

Pick any sequence of positive real numbers (efc) and define 

||r||e = y efcmax|i^^-y(a;)|. 

Denote by C,°°(M, End(TM, J, w)) those Y with finite || • ||e norm. This is a Banach 
manifold. Floer [8] proves that there is a sequence (efc) that tends to zero sufficiently 
quickly that Cf'(M, End(rM, J, uj)) is dense in L\M, End(rM, J, cj)). 

Now fix some 1-parameter family J" = (J°) of almost complex structures. For a 
1-parameter family Y — (Yt) of elements of {M,End{TM, J,uj)), we consider 
the map /: Yt i— >■ J° exp(— J^Yt)). On some neighbourhood of the zero-section / 
restricts to a diffeomorphism. Define 

y = {Y= (Yt) : \\Yt\\oo < r and Ytip) = for p e U} , 

where U = UxUx is our neighbourhood of the intersection points x and r is chosen 
small enough such that the restriction of / is a diffeomorphism. Denote by j7r(J°) 
the image of y under /. This space represents our space of perturbations of J". 
In what follows, we shall usually consider J° to be fixed and write instead of 
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We have a section of Banach manifolds 

d{u,Y) = 5/(Y)W- 

As before, this section is smooth. We want to prove that its hnearization is surjec- 
tive on its zero set. Since = Ddj{u) is closed, it suffices to prove that the image 
is dense whenever dju = 0. This is proved in the Appendix of [22], which is itself 
a correction of the argument appearing in [8] . This result makes no assumption of 
any w-compatibility condition. 

Now the implicit function theorem [19[ Theorem A. 3. 3] says that the universal Floer 
moduli space 

M{x,y,J) = {(w, J) : u G 7Wj(a;,y)} 

is a smooth Banach manifold. Once we have this, we may consider the projection 
onto the factor, which is a Fredholm map and apply the Sard-Smale theorem. 

Theorem 4.4 (Sard-Smale). The set of regular values of a Fredholm map g: A ^ 
B between paracompact Banach manifolds is a Baire set in B. 

This shows that there is a second category set J'reg C JT" of so-called regular almost 
complex structures, such that A^j is a smooth manifold for J G Jreg- In particular, 
this means that there exist regular J arbitrarily close to J°. The dimension of this 
manifold is given by the Fredholm index, which in this case is |a;| — |y|, the difference 
of the Maslov indices of the intersections [7]. Note also that Mj{x, y) carries a free 
K-action by translation in the s variable and we shall denote the quotient space by 
M3{x,v). 

4.4. Compactifications. From this point onward we shall assume that ci(M) = 0. 
This is independent of the almost complex structure chosen. From the previous 
section, we now know that, given two intersection points x and y, A^j(a;,y) is a 
smooth manifold of the correct dimension, provided we pick J S J^reg- Given some 
real number E, we can restrict attention to the set J^j{x,y) of Floer trajectories 
with the energy bound E(u) < E. Gromov compactness says that this manifold 
admits a natural compactification by adding broken trajectories, possibly with bub- 
bles. In order to be able to define Floer cohomology, we shall need to look at the 
compactifications of these moduli spaces in cases when they have dimension < 2. 

We want to prove that we can pick our almost complex structures (Jt) in such 
a way that we get no bubbling along solutions to the Floer equation. There are 
two possible types of bubbles: discs appearing on the Lagrangian boundary, and 
spheres appearing on the interior of some Floer solution. We shall prove that in 
the case where ci(M) = 0, we can exclude the possibility of sphere bubbles. Disc 
bubbles are more difficult and no general approach exists to deal with these (in 
fact such an approach cannot exist in all situations as evidenced by the existence of 
obstructed Lagrangians |10j). However, we shall show later that we can avoid such 
bubbles in some specific cases. To prove that we get no sphere bubbles, we adapt 
the argument found in [13]. 
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Fix some nonzero homology class A G H2{M ; Z). For a given J, we can consider the 
moduli space of simple J-holomorphic maps v: ^ M representing the homology 
class A, which we shall denote A4s{A, J). We can also take a l-parameter family 
J = (Jt) and consider the space 

Ms{A,J) ^ {it,v) : V e M,iA,Jt)} . 

We can also consider the universal moduli space 

Ms{A, J) = {{t, V, J) : {t, v) e Ms{A, J)} . 

This is a smooth Banach bundle and the projection to J' is Fredholm of index 
2n + 2ci{A) + 1, so that for J £ J^eg some second category set of almost com- 
plex strcutures, A^s(A, J) is a smooth manifold of that dimension. The analysis 
underlying all this is similar to that in the previous section and can be found, for 
example, in [TO]. We also note that J^s{A,3) admits a free action by the real 6- 
dimensional reparametrization group of the sphere G — PSL(2, C) and we consider 
the space J^s{A, J) Xq S*^, which, for generic J, is a smooth manifold of dimension 
2n + 2ci{M) - 3. 

By taking the fibre product over J', we can consider 

Af = {Ms{A, J) Xg S^) xj {M{x, y, J) x [0, 1]) 

and the map 

M ^ M X [0, 1] X M X [0, 1] 

given by 

{[v,z],t,u,t') ^ {v{z),t,u{Q,t'),t'). 
We want to know the intersection of the image of this map with the diagonal 
Amx[o,i]- Since A^j(a;,?/) carries an R-action, if there is any such intersection, 
there must be a bubble intersecting a Floer solution u at some m(0, i), since we only 
care about Jt(,-bubbles meeting some Floer solution at time io- 

For any i, we have an evaluation map evt : M.3{x^ y) — > M given by evt{u) = m(0, t) 
and a version of Proposition 3.4.2 in [19^ says that this map is a submersion for all 
t. This means that the intersection with the diagonal is transverse, and therefore 
the space 

Z = {{[v, z],t, u, t') : (viz), t) = (u(0, t'),t')) 

is a submanifold of {Ms{A, J) XgS^) x j{M{x, y, J) x [0, 1]) of codimcnsion 2n+l. 
This means that the projection Z ^ J has Fredholm index 

(2n + 2ci(A) - 3) + {\x\ - \y\ + 1) - {2n + 1) 

= 2ci(A) + |x|-|y|-3. 

Since we have c\ = 0, this means that for generic J — (Jt), the 1- and 2-dimensional 
moduli spaces of Floer solutions (which are needed to define the Floer differential 
d and show that (P = 0) will not intersect any sphere bubbles. Bearing in mind 
that the compactification of these spaces involves adding broken solutions, possibly 
with bubbles, the same argument as in [13j shows that we still get no intersection 
even after compactifying our spaces. 

The case of disc bubbles is more difficult and there is no general approach that will 
work, but if we have chosen appropriate Jo, Ji such that we get no disc bubbles 
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for our Lagrangians, then picking a generic path of ahnost complex structures ( Jt) 
interpolating between these two gives a family of ( Jt) such that we can in fact define 
HF{Lq, Li). This will be discussed more in Section 

4.5. Floer cohomology. We first fix the coefhcient field we shall use. Although 
(subject to certain topological assumptions) the relevant moduli spaces can be ori- 
ented so that Floer cohomology can be defined over fields of arbitrary characteristic, 
we don't need this for our purposes. We therefore introduce the Novikov ring 

Az/2 = "^'■^'^ ■ ^ ^/^' r eR,r ^ oo, if{ar ^ : r < E} < oo for all 

of power series in the formal parameter q as in the Introduction. This is in fact a 
field. 

In order to define Floor cohomology, we define the Floer cochain complex to be 

CF(Lo,ii)= Az/2(a;). 

xELqDLi 

In the case where \y\ — \x\ — 1, the Floer differential is defined by 

dy= J2 

ueMj(x,y) 

For this map to be well-defined over the Novikov ring, for any E, there must be only 
finitely many terms involving powers of q less than E. This follows from Gromov 
compactness. When \y\ — |a;| — 1, the compactification of A^|'(a;, y) can only involve 
adding bubbles, since breaking cannot occur as the solutions are already of minimal 
index. But we have shown that we can pick J such that no bubbling occurs. 
Therefore the zero-dimensional manifold Aif{x,y) is compact, hence consists of 
finitely many points. 

In order to show that this is in fact a differential (i.e. that cP ^ 0), the standard 
approach is to identify the boundary of the compactification of any 1-dimensional 
Mj{x, z) with Mj{x, y) x A4j(j/, z), and use the fact that boundary points of a 1- 
manifold come in pairs. This identification again relies on the fact that no bubbing 
occurs, which is ensured by the previous section. Once again we stress that we have 
not yet dealt with disc bubbling, so that the content of this section is incomplete 
and Floer cohomology will not be properly defined until we do so in Section [4.71 

In our setting, where ci(Af) = 0, we may also pick a grading so that HF* {Lq, Li) 
becomes a Z-graded group [26] . 

We also want to define a multiplication map on Floer cohomology. We start by 
doing this on the chain level. 

Consider three Lagrangian submanifolds Li, i = 0,1,2 and transverse intersection 
points X G Lq n L2, y € Lq D Li, z € Li Ci L2- Similar to before we may consider 
the moduli space Aij{x,y,z) of holomorphic curves u from a disc with 3 marked 
boundary points mapping to M such that the marked boundary points tend to 
x,y,z and the remainder of the boundary maps to the various Lagrangians (see 
[28l Section 2] for more specific details). Here J is a 2-parameter family of almost 
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complex structures {Jw)weB) and a similar analysis to the previous section shows 
that, for a generic choice of J, Aij{x,y,z) is a smooth manifold of dimension 

\x\-\y\^\z\. 

We can therefore define 

m: CF{Li,L2)®CF{Lo,Li) ^CF{Lo,L2), 

u£Mj (x,y,z) 

in the case where |a;| = \y\ + \z\. We want this to be a chain map so that we get a 
multiplication on the cohomological level. 

Here the standard approach is again to consider the boundary of the compactifica- 
tion of the 1-dimensional part of A4j(x,y, z) (see for example |23j). However, in 
our case we must once more rule out the possibility of bubbling off of spheres (disc 
bubbles will be dealt with in Section HTT)) . 

We continue in a similar vein to before and consider the universal moduli space 

M^{x,y,z,J) = {(u, J) : u £ Mj{x,y,z)} 

for an appropriate Banach space J of 2-parameter families of almost complex struc- 
tures defined similarly to the previous section. We then consider 

AA' = {MM, J) ^gS^)xj {M^{x,y,z,J) x B) . 

By mapping to ill x D x Af x D via {[v, z],w,u,w') n- {v{z),w,u{'w'),w'), we see 
that J\f' contains a submanifold 

^' = {{[v,z],w,u,w') : {v{z),w) = {u{w'),w')} 

of codimcnsion 2n + 2, which represents the intersections between Ju,-bubbles and 
multiplication curves u at point u{w). The projection Z' J va Fredholm of index 

(4.2) (2n + 2ci(A) - 2) + (|a;| - |y| - \z\ + 2) - (2n + 2) 

= 2ci(A) + |a;|-|z/|-|z|-2. 

Therefore, for generic J = (Jm), the 0- and 1-dimensional moduli spaces of such 
holomorphic discs do not intersect any sphere bubbles (recall that we are assuming 
ci (M) = 0) , so these will not obstruct our multiplication surviving to cohomology. 

We shall also want, when defining wrapped Floer cohomology, to have a map 

^h: CF(Lo,Li) ^ CF{Lo,^HiLi)), 

where ipH is the Hamiltonian isotopy coming from some Hamiltonian H : M x 
[0, 1] ^ R (when M is noncompact but convex at infinity, we additionally require H 
to be monotone: dsHg < [23j). First note that intersection points y G Lor\'ip{Li) 
are in one-to-one correspondence with Hamiltonian chords y: [0, 1] — !■ M such that 
y{0) e Lo,2/(l) e Li, and y(s) = XH{y{s)). 

For X £ Lq n Li and y £ LqC) "(/^(Li), we consider the moduli space of continuation 
Floer trajectories A4j{x,y), solutions u to the equation 

dsV + J,,t{dtv~XH)^0 
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on the strip M x [0, 1] such that w(-,0) G Lq, u{-, 1) G Li, and which converge to 
the point x at +oo and to the chord y(t) at —oo. The standard approach [2] shows 
that, for generic J = (Js,t), this moduh space is a smooth manifold of dimension 
\y\ — \x\ and we can define 

u£Mj (x.y) 

in the case when I?/ 1 = |a;|. Again the standard argument involving the 1-dimensional 
part of A4^{x,y) shows that this is a chain map modulo bubbling. But no bub- 
bling of spheres occurs because of the same dimension count as in (j4.2p replacing 
vdim A^j(a;, y, z) with vdimA4^{x,y): the space Z" representing intersections be- 
tween Js, t-bubbles and continuation trajectories at u{s,t) has virtual dimension 

(2n + 2ci(A) - 2) + {\y\ - + 2) - (2n + 2) 
= 2ci(yl)-|-|2/|-|a;|-2. 



Note that we are here using 2-parameter families of almost complex structures on 
R X [0, 1] as opposed to the 1-parameter families used in defining d. See Section l47fl 
for the argument for disc bubbles. 

A similar argument shows that Vf// intertwines the multiplicative structures on 
HF{Lo,Li) and HF{Lo,^Ph{Li)). 

Remark 4.5. In the case of exact Lagrangians in an exact symplectic manifold, 
much of the above analysis is unnecessary: exactness means that no bubbles occur in 
the compactifications of our moduli spaces, and we also get a priori energy bounds 
independent of u, so we can actually work over 1^/2 should we wish. 



4.6. Floer cohomology in Lefschetz fibrations. In the context of a Lefschetz 
fibration tt: E' — >■ C, we can make a choice of almost complex structures which lends 
itself well to Floer cohomology calculations. 

In some neighbourhood of iJ^'"'* we pick J to agree with the standard integrable 
complex structure in the local model z ^ as in Definition 12.11 which makes 

w locally a Kahler form. Away from E"^"* , we have the splitting 

T^E = T^'E © T^E 

where T^E = keT{D'Kx) and T^E = T^jj-jC. With respect to this splitting, we 
choose J that, away from ^ look like 

J 
J" 

such that J", the vertical part of J, is compatible with lu restricted to the fibre 
and j is compatible with the standard form on the base. Such a J makes the 
projection tt J-holomorphic, so that Floer solutions in E project to j-holomorphic 
strips TT o u: S — C, and we can now use the maximum principle for holomorphic 
functions to restrict the region in which Floer solutions may appear. 



The problem is that such a J will not necessarily be regular, so not be suitable for 
defining HF{Lo, Li). In [17^, they proceed as follows. They take some small generic 
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perturbation of (Jt) to regular (Jt) such that (Jt) is stih cj-compatible, losing in 
the process the property that tt is holomorphic. However, Gromov compactness 
says that Floer solutions for (Jt) will be close to Floer solutions for (Jt)- In order 
to apply Gromov's compactness theorem for this argument to work, we need some 
energy bounds, which a priori exist in the setting of |17j as all their manifolds are 
exact. 

We do not have any such energy bounds. Therefore, we perturb J by adding some 
horizontal component to get 



J 



J 
H J" 



where H is some small perturbation that is zero on some neighbourhood of the 
intersctions of our Lagrangians and such that = —1. Now tt is still holomorphic, 
so we can use maximum principles in the base, but J is no longer compatible with 
Lu. However, for small iJ, it will still tame lu and we can use the discussion above 
to say that we can still do Floer cohomology in this setting. The proof that the 
space of such H is large enough for us to achieve transversality as in Section 14.31 
can be found in [27l Lemma 2.4]. 



4.7. Disc bubbles. We have not yet said anything about how to avoid disc bub- 
bles, J- holomorphic maps w: (3,8^) — {M,L). However, for the purposes of this 
paper, we need only consider specific sorts of Lagrangian submanifolds, namely 
spheres or Lefschetz thimbles in some Lefschetz fibration, with a six-dimensional 
total space and whose first Chern class vanishes. 

In the first instance, it is shown in [32', Corollary 4.5], using techniques inspired by 
symplectic field theory, that for a Lagrangian sphere L in a symplectic manifold of 
dimension at least 4 with vanishing first Chern class, there exists a such that 
the Floer cohomology of L is unobstructed {{L,Ji,) is an elementary Lagrangian 
conductor in the language of Welschinger) and moreover we have the classical iso- 
morphism HF*{L,L) ^ i7*(5",Az/2) [121 Corollary 4.12]. This is proven in [32] 
only for compatible J, not the larger class of almost complex structures we have 
considered in this section. However, in the next section, there is only one point at 
which we need to consider the Floer cohomology of a 3-sphere in the total space of 
a Lefschetz fibration (Section 15. II) and here we don't need to perform the horizontal 
perturbation trick, so at this point in the argument we can just pick a compatible 
J for the sphere as usual. 

As for thimbles, we start by picking J adapted to our Lefschetz fibration as above. 
If a disc bubble exists, then by considering the projection to the base, we see that 
any such bubble must entirely be contained in some fibre of tt : E ^ The part 
of the thimble living in this fibre is now just a sphere, so we can arrange for the 
vertical part J" of J to be such that we get no bubbles as in the previous paragraph. 
However, this fails to take into account of the fact that we have a 1-parameter family 
of such fibres (the vanishing path). In fact, in [32] the relevant Fredholm problem 
involves a Fredholm operator whose index is bounded from above by —2, so we may 
in fact generically pick a 1-parameter family of such J so that the Floer cohomology 
is unobstructed. 
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Now to complete the definition of tlie Floer coliomology of two such Lagrangians, 
we pick appropriate Jq and Ji as above and then pick some path J = (Jt) inter- 
polating between them. A generic perturbation of J, which may be chosen such 
that the endpoints are fixed will then be suitable. We may do likewise to exclude 
the possibility of disc bubbles appearing in the compactifications of A4j{x,y,z) 
and A4j{x,y) (although we now consider 2-parameter families of almost complex 
structures, we are free to choose that J be constant along the boundary compo- 
nents of the disc/strip since we can achieve transversality by perturbing J just on 
the interior) , thus completing the constructions of Section 14.51 

Remark 4.6. Welschinger [32j establishes a result saying that, given a Lagrangian 
sphere L and any E > 0, there exists a second category set of almost complex 
structures Je such that E{w) > E for any Js-holomorphic disc w: (D, 9D) — > 
{M,L). These bubbles can then be discounted by using the Novikov ring. A similar 
sort of argument is perhaps best explained in [10', Chapter 4.6]. 

Briefly, suppose that we pick almost complex structures Ji such that any Ji-holomorphic 
disc w has energy E(w) > i. We can construct, for each i, A^o- structures {/i^} 
on the space of cochains C*{L) where, by assumption, {/i^} = 1 + 0{q^). (Here 
q is our formal Novikov parameter.) In [10, Chapter 4.6], they construct A^o- 
functors r : (C*(L), {/i*^}) ^ (C*(L), {/i^+^j) which come from counts of genus 
stable curves, all of whose components are Ja-holomorphic for some i < a < i + 1. 
Again, J-'' — {Jv} = ld+0{q^) in our Novikov filtration. This means that YiiLi -F^ 
converges over o^'^d so defines an A^o -functor from (C* (L), {/x^}) to the clas- 

sical Aoa -structure on C*{L). We may then pull back the classical Maurer-Cartan 
solution for which HF*{L,L) = i/*(S'", Az/2) by H^i-^*- 

5. The examples of Maydanskiy-Seidel 

Using the same method as explained in Section[2l we can construct the six-dimensional 
symplectic manifold X2 in Figure [53] Its generic fibre is diffeomorphic to the Am+i 
Milnor fibre Mm+i and the Lefschetz fibration tt: X2 C has m + 1 critical points 
corresponding to m + 1 vanishing cycles in Mm+i. The first to, Vi, . . . , Vm come 
from the straightline matching paths, but Vm+i is the sphere associated to the 
curved path 7m+i- For each critical value Xi, corresponding to Vi, fix some vanish- 
ing path fii : [0, cxd) ^> C such that /3j(t) = t for f » 0. Let A; C X2 denote the 
corresponding Lefschetz thimble. 




R 

Figure 5.1. 

A trivial extension of the argument in |17j , which will be recapped in this section, 
shows that X2 is diffeomorphic to T* 5^ U 2- handle and also contains no Lagrangian 
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sphere L such that [L] 7^ in H2{X2]1'/'2.). (We have shown below only one such 
possible choice of 7m+i; there are infinitely many others for which this is also true 
[17j.) We construct a deformation X2 of this manifold by adding on a closed 2-form 
supported in the shaded region i?, as in Section [31 to obtain a family of symplectic 
manifolds 01(^2) = so therefore ci(X|) = for all t. We also note that, 

after deformation, the Vi will still be Lagrangian in Mm+i since they live away from 
the region R. Also the thimbles will stay Lagrangian in 

In this section, we shall prove the following: 

Theorem 5.1. For all t G [0,1], X2 contains no Lagrangian sphere L such that 

The proof of this will essentially just be a repeat of the argument in [T7], so we 
shall not explain all the details fully, instead directing the interested reader to the 
relevant sections of [T7] . However, this proof relies heavily on the technology of Floer 
cohomology and Fukaya categories. In the original paper, everything is carried out 
working within the category of exact symplectic manifolds so the analytical issues 
involved in setting up Floer cohomology are easily overcome. This was why we had 
to go through the analysis of the previous section as we now often have to work 
in the more problematic nonexact setting. With the results of the previous section 
however, the argument of [T7] more or less just carries over, and we only make a 
few remarks where particular care needs to be exercised. 

In what follows, we shall denote by HFf{Lo,Li) the Floer cohomology computed 
with respect to iot in any situations where there is likely to be confusion about the 
symplectic form being used. 

5.1. Wrapped Floer cohomology. We start by defining a variant of Floer coho- 
mology, wrapped Floer cohomology. Following |17j , we shall not need to define this 
in the level of generality found in [5J (33] , but instead restrict to a simpler (and, in 
our setting, equivalent) definition which is well-suited to Lefschetz fibrations. 

Given a Lefschetz fibration tt: E ^ C, we consider a Hamiltonian H : E ^ M. oi 
the form H{y) = ■(/'(^^(y)!^) where i/j: R ^ R is such that il;{r) = for r < 1/2 
and ip'{r) = 1 for r ^ 0. Let denote the time-a flow of this Hamiltonian and, 
given some Lagrangian L, we define = $"(i). 

We can now define the wrapped Floer cohomology of a Lagrangian L and a thimble 
A (where, in order to exclude bubbling of discs as mentioned previously, L is either 
a sphere or another thimble) to be the direct limit of Floer cohomology groups 

HWt*{L,A) = \u^HF;{L,A^''''+') 

k 

for some very small e > 0. The maps involved in this direct limit are the continua- 
tion maps from Section [4.51 

We will actually need to perform an extra small Hamiltonian isotopy in addition 
to in order to ensure transversality of intersections but will suppress further 
mention of this. For our purposes, it is not necessary to identify our Floer groups 
canonically so the details of how we do this are irrelevant for what follows. 
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To prove Theorem 15.11 suppose for sake of contradiction that there does exist a 
Lagrangian sphere L C X\ such that [L] ^ in i7*(X|;Z/2). X| is topologically 
T*S^ with a 2-handle attached, and it is shown in [17i Section 9] that L ■ A,„+i ^ 
for such a sphere . This intersection number is the Euler characteristic of the Floer 
cohomology group HF^{L, Am+i). Given the compactness of i, this group is equal 
to the wrapped Floer cohomology group HWf{L,Am+i) (we may choose to start 
"wrapping" outside some compact set containing L) and HW^{L,Am+i) is itself 
a module over the unital ring _ffWf*(Am+i, Am+i), where the multiplication maps 
here are the images under the direct limit of the multiplication defined in Section 
14.51 Thus we conclude 

Lemma 5.2. If such a Lagrangian sphere exists, then HW^ {A„i^i, Aj^+i) ^ 0. 

The rest of this section is devoted to proving that HW^ {Aj^^i, Ajn+i) = to 
provide the required contradiction. 



5.2. From total space to fibre. If we consider the directed system of groups used 
to define HW^{Am+i,Am+i), we see that each step introduces new intersection 
points as the path over which our wrapped Lefschetz thimble lives wraps round the 
base once more. Choose our family of almost complex structures ( Jt) as in Section 
14.61 In ^7\, they establish the existence of a spectral sequence computing the 
wrapped Floer cohomology of any two thimbles, which carries over in our setting 
in light of the discussion of SectionlH When we consider HW^ {Am+i, A,„-|_i), this 
spectral sequence yields the following long exact sequence 

ff-Ft*(Am+i, A^^i) ^ ffFt*(A„i+i, A^,f+i ) 




ifF,*(MK™+i),W), 

where the bottom group is calculated in the fibre and fj, denotes the outer mon- 
odromy of the Lefschetz fibration. Lemma |2 . 2 1 allows us to identify some particular 
fibre Ez' with the manifold M included in the data of this lemma. We may arrange 
that z — z' . 

In particular, since the unit in HW^ {Am+i, Am+i) arises as the image of 1 S 
HF^(Am+i, A^_^_^) = Ai/2j the map a must be zero. By analysing the curves 
involved in defining the map a |171 Section 5] and comparing to the maps involved 
in Seidel's the long exact sequence [17], we can, by Poincarc duality, identify the 
map cr with an element of HF^iVm+i, which we shall also denote by a. 

Lemma 5.3. (17, Proposition 5.1]) If HW^{Arn+i, Am+i) ^ 0, then a vanishes. 

5.3. Fukaya categories. We now shift attention to the Fukaya category of the 
fibre T{Ez), and introduce two related categories. 
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The first is a directed Aoo-category A, which has as objects the finite set {Vi, . . . , Vm} 
and morphisms 



where the degrees are chosen to be \ei\ — and \fi\ — 1. This category is chosen to 
reflect the fact that we have an Am configuration of Lagrangian spheres Vi C Mm 
coming from the straightline paths in Figure 15.11 where the only points of intersec- 
tion are between adjacent spheres and the gradings can be chosen in a nice way. 
This determines the higher-order ^oo-structure, namely that the only nontrivial 
higher products are given by ^^(e^, e^) = and ^i^{fi,ei) ^ fi ^ ^^(e^+i, /i). 

The second variant of the Fukaya category we shall consider is the y4oo-catcgory B, 
which is the subcategory of the Fukaya category J-{Ez) generated by the following 
collection of Lagrangian submanifolds 

Fl, . . . , Vm, Vm+l,Tv^ [Vm+l), TV„^_iTv^ [Vm+l), . . . , Ty^ ... Ty^, (Vm+l)- 

In [17], there is no need to restrict attention specifically to B and we can hap- 
pily work with the whole Fukaya category J^{Ez), even though as above we do not 
strictly need to. However, all the objects in B are disjoint from the region R where 
ujt is nonexact and we can use maximum principles to ensure that all pseudoholo- 
morphic curves between these objects also do not enter the region R. This means 
there is no extra analysis to do in defining the ^oo-category B as we are essentially 
just in an exact setting. 

In what follows, we shall also want to use Seidel's long exact sequence in Floer 
cohomology [27]. Part of the proof of this long exact sequence in [27] relies on 
a spectral sequence argument coming from a filtration on Floer cochain groups 
given by the symplectic action functional. Seidel needs to upgrade this M-filtration 
to some Z-subfiltration in order to show that a certain mapping cone is acyclic, 
which can be done since the action spectrum will be discrete for finitely many 
exact Lagrangians in an exact symplectic manifold. In B, this argument remains 
valid since maximum principles mean that we are considering the same holomorphic 
curves with the same actions as in the exact case, although this approach would 
not work in general. 

We can consider the "derived" versions of A and B defined via twisted complexes 
as DA = H°{TwA) and DB ^ H°{TwB) There is a canonical (up to quasi- 
isomophism) functor l : A ^ B which on the derived level extends to an exact 
functor Dl: DA^ DB. 

On the level of derived Fukaya categories DB, thanks to the result of Seidel [28] 
relating algebraic and geometric twisting operations, a corresponds to an element 
S € hom£iB(ym+i,Tv^ ■ ■ ■ Ty^Vm+i)- If c vanishes S must too, so, looking at exact 
triangles in DB, this means that 




(Z/2)e, for i = j 
(Z/2)/, forz=j-l 
otherwise. 



Vm+l [1] ®Tv,--- Tv^Vm+1 - Cone{S), 



so we wish to understand C = Cone{S). 



Given all this, the next lemma is pure algebra. 
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Lemma 5.4. (17, Proposition 6.2]) If S = 0, then Vm+i is isomorphic to a direct 
summand of an object lying in the image of the functor Dl: DA — > DB. 

5.4. Contradiction. Tlie fibre i?^ itself admits a Lefschetz fibration as pictured 
at the start of this section, such that the matching cycles of interest arise from 
matching paths 71, . . . ,7m+i. By assumption, 7m+i is not isotopic to 7^ for 1 < 
i < m within the class of paths which avoid the critical values except possibly at 
their endpoints. 

Lemma 5.5. ([17, Lemma 7.2]) For 1 < i < m, and for all t G [0, 1], the image of 
the product map 

HF:iV,n+i,V,)(E,HF;m,V„,+,) ^ i?F;(K.+i,Kn+i) - H*iV,n+i;Az/2) 
does not contain the identity in its image. 

As in [17 , this is proved by considering the auxiliary Lagrangian ^ x R 
associated to the path in Figure [5?2l The key point is that, since 7^ is not isotopic 
to 7m+i, we can draw ^ so that it intersects jm+i but is disjoint from 7^ (here we 
have drawn only two of the matching paths, jm+i and 7;, to avoid clutter). 

It is proven in [15] that dim HFf* (L^. Kn+i ) > 0, whereas clearly we have dim i/Fj*(_L^, Vi) = 
0. As before, we may choose ^ to lie away from the region R where our deforming 
2-form is supported since, by assumption, this also true for the paths 7^, so once 
more we may use maximum principles to restrict all Floer solutions to a region of 
AI„i+i where uit is exact. 




X 

R 



Figure 5.2. 

Suppose we have elements oi G HF^{V„i+i, Vi) and 02 G HF^{Vi, Vm+i) such that 
a2 • fli G H^{Vm+i), the invertible part of this ring. 

This then means that the composition 

HF;iL^,Vm+i) HF*{L^,Vi) "A HF*{L^,V^+^) 
is an isomorphism, which is a contradiction. 

Once we have this, we can complete the proof of Theorem 15. 1[ the remainder of 
which carries over directly from [17 as it is essentially just algebra. 

Suppose that HW^ {IS.m+iT ^m+i) 7^ 0. Then Vm+i is contained in the image of 
Di : DA — > DB. Say that Vm+i occurs as a direct summand of C in the image. 
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Then, in particular 

homDl3iC,V„r+l) (g) homDl3{Vrn+l,C) homDB{Vm+l,Vrn+l) = * (S*" ; A^/a) 

contains the identity in its image as we can consider the maps corresponding to 
projection and inclusion with respect to this summand. However, thanks to the 
particularly simple form of A, there exists a classification of twisted complexes 
in A, following from Gabriel's theorem [11]. It says that any twisted complex is 
isomorphic to a direct sum of (possibly shifted copies of) the basic complexes Cki 




Wi = Z/2 for fc < i < / concentrated in degree 

Wi = otherwise 

Si+iA ^ fi ioT k <i <l 

6ii =0 otherwise. 



However, by repeated application of our Lemma 15.51 above, we derive a contradic- 
tion, since the terms in the Cm correspond geometrically to Vi involved there. This 
completes the proof that HWf{Am+i,^m+i) = 0, and therefore, by Lemma [5.21 
there cannot exist a homologically essential Lagrangian sphere in X|. 



6. Distinguishing Xi and X2 

6.1. Moser for symplectic manifolds convex at infinity. Take a symplectic 
manifold (M, w) which is convex at infinity. Recall that this means that there is a 
relatively compact set M™ such that on a neighbourhood of the boundary dAP" 
we have a 1-form 9 such that dO = ui and ^jaM'" is a contact 1-form, and that 
M \ M™ looks like the positive symplectization of 9M™ according to 9\QMin. 

Suppose that we have a family of cohomologous 2-forms {uJt)te[Q,i] which make 
M*" a symplectic manifold with convex boundary. We can complete {M"\ ut) to a 
family {M,ujt) of noncompact symplectic manifolds with cohomologous symplectic 
forms all convex at infinity. We want to prove a version of Moser's theorem \21\ in 
this setting. 

Lemma 6.1. The family {M,ujt) above are all symplectomorphic, by symplecto- 
morphisms modelled on contactomorphisms at infinity. 

Proof. We follow the standard argument, but need to pay attention to possible 
problems arising from the noncompactness of M . Since the ujt are all cohomologous, 
we pick at such that 

— UJt = dcTf 

dt 

Then, Moser's theorem follows from considering the fiow tpt defined by integrating 
the vector fields determined by 

at + L{Yt)uJt = 0, 

although we need to be careful that we can actually integrate Yt all the way to time 
1. This can be done because our forms are all cylindrical at infinity, so the vector 
fields obtained above will all scale according to e'' as we move in the r-direction 
along the collar. This bound is enough to ensure we can integrate to a flow. □ 



DISTINGUISHING BETWEEN EXOTIC SYMPLECTIC STRUCTURES 



27 



6.2. Proof of Theorem 11.11 To prove Theorem 11.11 we just apply Lemma 16.11 
in our case. Let cji , W2 be the exact forms induced on Xi , X2 respectively and 
suppose, for a contradiction, that there exists a diffeomorphism 0: X2 — Xi such 
that 0*(aji) = UJ2- 

Then we also consider the deforming 2-forms 772 and <j)*{7]i) defined on X2 and 
by rescaling we may assume without loss of generality that these two 2-forms are 
cohomologous (since H'^{Xi\'S) = M). We now consider the family of 2-forms on 
X2 

Vlt = (1 -t)(a;2 +772) +?7i) + t</-*(ryi) + (1 -t)r/2. 

There exists some compact subset which is an interior for X2 with respect to 
ilo = 1^2 + ?72 , and by the compactness of both X^ and its boundary, we can say 
that, after perhaps once more rescaling 771 and 772 if necessary, fij makes Xl^ a 
symplectic manifold with convex boundary for all t. However, VLt is not necessarily 
cylindrical for all t so we now change our family fit, by replacing ^lt\x°^* with the 
completion of i7t|^i»i to get a new family of cohomologous symplectic forms fit 
on X^ ^Qx^"^ [OjOo) X 9X2, which are all cylindrical on the collar. Therefore, by 
Lemma l6Tl (X™,^^*) are all symplectomorphic. 

However, we can choose sufficiently large that it contains the image 4)^^{L) of 
the Lagrangian sphere exhibited in Section [H This is a contradiction of Theorem 

7. Symplectic cohomology vanishes 

In this section, we digress from the main theme and discuss symplectic cohomology. 
All symplectic manifolds considered in this section will be exact and we shall work 
with Z/2-coefficients. As mentioned in the Introduction, symplectic cohomology is 
one of the standard invariants used to examine and distinguish Liouville domains. 
We prove that the symplectic cohomology SH*{Xi\ Z/2) of Xi and X2 both vanish, 
thereby showing that this invariant does not suffice to distinguish between the 
examples of this paper, and so a different approach such as that of this paper truly 
is needed. 

We shall not define symplectic cohomology here; an appropriate definition may be 
found in f30], for example. We shall instead refer to two results from [1]. In the 
formulation of these two lemmas, we consider the Liouville domain E to be built 
from fibre M and the collection of vanishing cycles (Vi, . . . ,Vr) according to Lemma 
12.21 We denote by the Lefschetz thimble associated to Vi in the corresponding 
Lefschetz fibration tt: i? ^ C. 

Lemma 7.1. (_1, Property 2.3]) For a Liouville domain E, constructed from 
{M;Vi,...,Vm),' SH*{E) =0 if and only ifHW*{A,,A^) ^ for alii. 

Lemma 7.2. ([1, Property 2.5]) Consider a Liouville domain E, constructed from 
(M; Vi, . . . , Vm) arid let E' he the Liouville domain built from (M; V2, . . . , Vm). Let 
Ai,A^ be the Lefschetz thimbles in E,E' respectively. If HW* {Ai^ Ai) — and 
HW*{A[,A:^ = for all i, then HW*{Ai,Ai) = for all i. 
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We also note that if SH*{E; Z/2) =0, then E cannot contam any exact Lagrangian 
submanifolds [30] . 

Lemma 1 7. II suffices to prove that Maydanskiy's exotic examples [f 6, have vanishing 
symplectic cohomology, as do the exact symplectic manifolds considered in 
Section [H We now prove that the exotic examples of Maydanskiy-Seidel, as well 
as their versions obtained from adding a 2-handle in the way described in Section 
[S] have vanishing symplectic cohomology. Take some exotic example Xq from |17) , 
as in Figure [5TT1 but without the extra rightmost critical point. 

The proof in [T^, as outlined in SectionEl shows that HW* {A,n+i, ^m+i) = 0. We 
apply Lemma [7.2l in this setting, and remark that this lemma still holds if we remove 
the final vanishing cycle instead of the first. If we restrict to the Am configuration 
of vanishing cycles (Vi, . . . , Vm) in Figure 15. 1[ then Xq is just isomorphic to the 
standard ball. This means that if we compute HW*{A^, A[), we get zero as all the 
Floer groups involved in the definition of HW*{A'^, A'^) will vanish. This suffices 
to prove that HW*{A„ A,) = for aU i, and so SH*{Xq) ^ 0. 

We construct the manifold X2 of Section [5] by adding a 2-handle to Mm- However, 
because this handle is added away from all the vanishing cycles, we can just view 
this as a subcritical handle added to Xq, as opposed to a critical one added to 
Mm since Xg is a product fibration in the region where the handle is attached. 
Cieliebak's result |^ says that SH*{X2) = SH*{Xq) is still zero. In particular we 
have 

Theorem 7.3. X2 and Xq are both empty as exact symplectic manifolds, in the 
sense of containing no exact Lagrangian submanifolds. 

Remark 7.4. It is sometimes possible to define symplectic cohomology with respect 
to some nonexact symplectic form. Ritter |24) shows that, if one performs a nonex- 
act deformation of the exact symplectic form, then this is the same as computing 
the symplectic cohomology of the original structure, but with coefficients in some 
twisted Novikov bundle: SH*{M,d9-\-rf) = SH*{M,d0; A^^). This has implications 
for the existence of exact Lagrangians and it would be interesting to compare the 
results of this paper with this viewpoint. 

8. Many inequivalent exotic symplectic forms 

8.1. An invariant. We shall now extend the ideas of Section [6] in order to prove 
Theorem 11.21 Suppose we have a symplectic manifold {E, w) which is convex at 
infinity and such that the map H'^{E;R) — !> H'^{dE;M.) is zero. Then, given any 
cohomology class 77 G H'^{E;R), we can construct a deformation of E in the sense 
of Section [5] in the direction of 77, in other words [wt] = [ui + terj] G H'^{E;R) for 
some small e > 0. 

Suppose in addition that (E, w) contains no homologically essential Lagrangian 
sphere. We denote by ri(£',a;) the set of directions I G P(7J^(£'; M)) such that, 
after constructing a "small" deformation of {E,ui) in direction /, we still have no 
homologically essential Lagrangian sphere. The Moser-type argument from Section 
Elsays that this set is well-defined (up to projective linear equivalence). 
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We can likewise consider the invariants Tk{E,Lu), which are the set of fc-planes 
Pk in the Grassmanian Gr{H'^{E;M.)), such that we get no homologically essential 
Lagrangian sphere for every direction I contained in Pk . These are again invariants 
up to the correct notion of linear equivalence, and so in particular, if we get a finite 
set of such planes, the cardinality of Tk{E,uj) is invariant. 

8.2. The construction. We now extend the construction of Maydanskiy [16] to 
exhibit, for any n > 1, a Liouville manifold which admits n + 1 symplectic forms 
Wfc all of which have no homologically essential exact Lagrangian sphere (in fact 
which have vanishing symplectic cohomology 5* aj/^; Z/2) and therefore no 
exact Lagrangian submanifolds) , but such that there exists no diffeomorphism of 
E such that 0*0;^ = ujj for i =^ j- 

Take the points 0, l,...,n+lGC and consider two paths in C as in Figure [O] 
The first 70 joins the extreme crosses and goes over all the others. We have some 
choice in the second path and denote by 7^ the path which goes below the points 
1, . . . , J and then over j + 1, . . . ,n. (We include here the possibility that the second 
path actually goes over all central crosses and in this case just consider it to be 
another copy of 70.) 




Figure 8.1. 

With the same conventions as before, having made our choice of 7^, we can associate 
to Figure HH] the 6-dimensional manifold {X^,ujj), which is diffeomorphically T*S^ 
with n 2-handles attached. It is the total space of a Lefschetz fibration whose 
generic fibre is the A^+i Milnor fibre, which we shall denote M^+i- Associated 
to each dotted line we get a Lagrangian 2-ball Bi C Mn+i for 1 < i < n, and 
we denote by Vq and Vj the two matching paths associated to the paths 70 and 
7j. If 7j = 7o, the 6-manifold we obtain clearly contains a Lagrangian 5*^, coming 
from the zero-section of T*S^. We shall denote by Aq, Aj the Lefschetz thimbles 
associated to the two critical points of the Lefschetz fibration tt : X^^ — > C. 

E[2{Mn+i',R) = M"+^ and we shall choose as our standard basis the spheres Ai 
given by straightline paths joining adjacent critical points i ~ 1 and i in Figure [53] 
When included into our total space, these all determine nonzero homology classes 
in E, but now with the relation J^^i ^ 0- We shall therefore choose to identify 
H^{E; R) with the n-dimensional vector space V — {v £ R"+^ -Y^Vi =0}. 

Pick some vector v = (wi, . . . , u„, G V. By the same process as in Section 

131 we can construct a deformation of the symplectic structure on M„+i, by adding 
on 2-forms in the regions between the critical point weighted according to the 
components. The condition on v means the that the homological obstruction to 
the matching paths above defining matching cycles vanishes, so we can once more 
build the corresponding deformation of {X^, uij). We are interested in what choices 
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of j and V mean that {X^,ujj) contains a Lagrangian sphere after the deformation 
coresponding to v. 

We first observe that, as in Section |3l we shall get a Lagrangian sphere in Xj( when 
we can "lift" Vj over the critical points and onto Vq. For this to be true, we need 

k 

Vr for all k < j. 

r 

In this case we shall get a Lagrangian sphere in X" once we perturb in the direction 
of V. We shall now show that in all other cases we do not get such a sphere. 

Fix some direction v ^ V. In what follows, we shall as before denote by HF^ the 
Floer cohomology group computed with respect to the time-i deformation of w in 
the direction of v. For the same reasons as already discussed, all these groups are 
well-defined (perhaps after rescaling v). 

Suppose that there is a homologically essential Lagrangian sphere L C {X:^,ujt)- 
Then, as in Section^ we must have L- Aj ^ 0, which implies that HWf{Aj, Aj) ^ 
0. This wrapped Floer group fits in an exact triangle as before. 



HF* {A, , A^. ) HF: (A, , Af +^ ) 



HF;{p{V,),V,). 

where the bottom group is calculated in the fibre Ez. Here fi is, up to isotopy, 
TVo ° TVj , SO we shall need to consider the group HF^{TvoVj, Vj). 

The argument in this section largely follows that found in |16) . from where we 
reproduce the following basic observation. 

Lemma 8.1. // we have an exact triangle of graded vector spaces 




M, 

then rank(M) — rank(A') + rank(L) — 2 rank(im(F)). 



We shall consider this lemma applied to the following triangle coming from the long 
exact sequence in I27J . 



hf:{v„v,) 



HF*iVo,V,)^HFt*{V,,Vo) 



HF;{tv,Vj,V,). 

Remark 8.2. To apply Seidel's long exact sequence in this nonexact setting, we 
can no longer filter the Floer cochain groups by the symplectic action, as discussed 
in Section \ 5.3[ However, we can introduce a filtration by powers of our formal 
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Novikov parameter q. This will give us an appropriate Ti- filtration as the energy 
spectrum of the (unperturbed) holomorphic curves u will form a discrete set. 

Consider now the Lagrangian balls Bi associated to the dotted paths in Figure 18.11 
and suppose there is an i such that HFf{Vj,Bi) is nonzero. Then the product 



does not contain the identity in its image, because if it did, then the composite 



would hit the identity despite factoring through HF^{Vo, Bi) which is zero as these 
Lagrangians are disjoint. Here we use the fact that the product structure on Floer 
cohomology is associative. However, the fundamental class of H^{S^) is in the 
image, by Poincare duality for Floer cohomology. 

So, when we consider the ranks of the groups in the above triangle, we see that 
Lemma 8.3. // HF*{Vj,B,) ^ for any i, then rank iJi^; (ryo V, , V,) = 4. 

We now consider the triangle (|8.ip relating the first few terms in the system 
of groups computing HWf{Aj,Aj). Again, by computing ranks we see that, if 
rank H {rvgVj , Vj) —4, then the rank of the image of the horizontal map must 
be zero, and therefore take 1 to 0, which in turn forces HWf{Aj,Aj) = 0. We 
conclude 

Lemma 8.4. If HFf{Vj,Bi) ^ for any i, then there exists no homologically 
essential Lagrangian sphere. 

For i > j, Vj and Bi are disjoint so HF^{Vj,Bi) = is automatic. For i < j, the 
criterion that HFf{Vj,Bi) be nonzero corresponds to 

fc 



since, in the fibre where the paths defining Vj and Bi intersect we either get dis- 
joint circles or instead two copies of some circle C whose self-Floer cohomology 
HF*{C,C) ^ H*{C) is nonzero. 

Remark 8.5. In particular, the above argument shows that, in the undeformed 
case, HW*{Aj,Aj) = 0. ^ similar argument also shows that HW*{Ao, Aq) — 0, 
which, by Lemma \7.1[ proves that, for our undeformed exact symplectic manifolds 



Therefore, if we consider the (n — 1)-Grassmanian invariant r„_i(Xj(), we see that 
the planes for which we get no Lagrangians appearing are, in our choice of basis, 
precisely those {n — l)-planes defined by any one of the equations 



HF:{V^, Vj) ® HF;{V,,Vo) ^ HF:{V„Vj) - H*{S^) 



HF; {V, ,Bi)® HF* (K, .V,)® HF: {V, ,Vo)-^ HF* {V, , B,) 




r 



SH*{Xi^) =0 for alii. 



k 




Vr = for some k < j. 



r 



SO that 



r„_i(X^) is a set consisting of j points. 
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We now have, for 1 < i < n, exact symplectic manifolds such is not symplec- 
tomorphic to X;^ for i ^ j, even though neither contains any exact Lagrangian 
submanifolds. Our final manifold (X^~^^ , ujn+i) simply comes from adding n han- 
dles to some exotic Maydanskiy-Seidel example, just as in Figure 15.11 The same 
argument as in Section [5] will show that r„_i(X"+^, cj„+i) = Gr„_i(R"), so X"+^ 
cannot be symplectomorphic to any of the X^^ for i < n. This completes the proof 
of Theorem O 
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